Lie theory cheat sheet

‘ Lie group M, o ‘ size ‘ dim ‘ XeM ‘ Constraint ‘ TN em ‘ T€eR™ ‘
‘Vectorn—D ‘ R™, + ‘ n ‘ n ‘ v € R" ‘v—v:O‘ v eR" ‘ v eR" ‘
‘ Complex number ‘ St ‘ 2 ‘ 1 ‘ z € C ‘ z*z =1 ‘ 10 € 1R ‘ 0 eR ‘
2D Rotation SO(2),- | 4 1 R R'R=1I 0], = [2 _g} € s0(2) 0 cR
2D Rigid Motion | SE(2),- | 9 | 3 | M= FO{ 113] R'TR=1I [[Qg)x 6’] € 5e(2) {’g] e R?
| Quaternion oS3, | 4| 3| qcH | a*q=1 | 0/2 € H, | 6eR® |
0 -6, 0
3D Rotation SO(3),- | 9 3 R R'R=1I | [6], = [ 6. 0 —gm] €s0(3) | OeR?
-6, 6, O
3D Rigid Motion | SE(3),- | 16 | 6 | M= [:B{ 11:] R'R=1 Fégx g} €se(3) {Z] € R®
| Operation | Inverse | Compose | Exp | Log | Right- & | Right- & |
. . -1 XY = Ad__1 xp(T o _ x0T -1 7Ox - 31
‘ Right Jacobians | JX = —Ady j%“ 1 P — 3 (1) ‘ Ji 8X) = J-1(7) jg@, _ S?S_E)Xp(f)) j‘f@x _ 32123
Note: In accordance to manif implementation, all Jacobians in this document are right Jacobians, whose definition reads: 5];()?) = limg_0 w.
However, notice that one can relate the left- and right- Jacobians with the Adjoint, gag)((X)AdX = Adyx Xaaf)((X)’ see [1] Eq. (46).

[1] J. Sola, J. Deray, and D. Atchuthan, “A micro Lie theory for state estimation in robotics,” Tech. Rep. IRI-TR-18-01, Institut de Robotica i Informatica Industrial,
Barcelona, 2018. Available at arxiv.org/abs/1812.01537.
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Mo Identity ‘ Inverse ‘ Compose ‘ Act ‘ Exp ‘ Log ‘
‘ R™ + ‘ v =[0] ‘ —v ‘ vy + Vo ‘ v+p ‘ v ‘ v ‘
‘ St ‘ z=1+140 ‘ z* ‘ 21 %2 ‘ zv ‘ z=cosf +isinf | 0 = arctan2(Im(z), Re(2)) |
_ 1 T ] _ |cosf —sind
‘ SO(2), - ‘ R=1 ‘ R =R ‘ Ri Ro ‘ R-v ‘ = [sine 030 } ‘ 6 = arctan2(ray,711) ‘
_ —RTt RiR; t; +Rst Exp(f) V(6) V-L(8)
_ 1_ _ [RaRe 1t2 o — _ p Pl (1) _|P| _ Pl )
R Ml (001 el it SO T et A Bttt Ml U M " 16] 7 [ Loe(m)
‘ S3,. ‘q +20+j0+k0‘q**w—m—jy—jz‘ q1 92 ‘ qvq* ‘ q=cos? +usinf ‘ 0= V%(HVH’“)) ‘
| so@), | R=I | R!=RT | R R, | R v | R=T+sin0[u], +(1-cosh)[u? | g = YRR |
RT RTt RiR; t; +Rit Exp(8) V(0) v-1(9)
_ -1 _ _ ke b 1t2 _ _ p P (2 _|P| _ P| (2
‘ SE(3), - ‘ { 1} I ‘ M [ } M M { 0 1 M-p=t+Rp M 0 1 T o Log(R)
Ad/Jac Jxp ‘ Jxp
M,o Ad ‘ I ‘ I H * (Act)” ‘
| R", + | TeR™ | I | I | I | |
| st | 1 | 1 | 1 | ROLv | |
| SO(2), | 1 | 1 | 1 | RAOl,v | |
R -]t sin6/6 (1—cos6)/0 (0p1 — p2 + p2cosf — pysind)/6? sinf/6 (cos@ —1)/0  (Op1 + pa — pacosd — py sin ) /6?
SE(2), {0 1 } (cos —1)/0 sinf/6 (p1+ 0pa — p1cosd — paysind)/6? (1 —cosb)/0 sin6/0 (=p1+ 0p2 + p1cosd — pasin6) /62 [R R[1], p]
0 0 1 0 0 1
- | R@ | 1Lt (o), 4 0 () | Ly gt (o], 4 0 (o)) | R@b, @ | R@ |
\ S0(3), \ R \ -1 cose[a]xﬂ Smﬂ[e]x \ I+ 1=l (g O=sinf (9] | R[], | \
R [t|,R J.(0) Q(—p.—0)| (4 J,(0) Q(p,0)| (4 _
SEO) o R o 1,0 0 16 R -Rpl.]
(l)V(e) — %Iﬁ» 17(:6059 [1]><
(Q)V(G) =T+ 1—06036 [u]x + O—Zinﬂ [u}i
; w24z —y?—22 2(zy—wz) 2(zz+wy)
(J)R(q) = 2(zy+wz) w2 —z?4y%—22 2(yz—wzx)
2(zz—wy) 2(yztwz) w?—z? —y? 422
4) 0 —sinf 1— % _cosd 1.1 2 _ cos 0 —sing— 2
4 sin - 5 - - 5 — -
Qp,0) = 1/2[pl,, + = (6], ol + [p], 6], + (6], ] 16),0) — —Z5— (1% o) + o) (612 =3 (6], [pl, 16),0) — 5 (—25rm =3 ———c5) (6], lpl, (6)% + 612 [o),
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